Abstract-This paper presents an exact solution for a perfect conversion of a TM-polarized surface wave (SW) into a TMpolarized leaky-wave (LW) using a reciprocal and lossless penetrable metasurface (MTS) characterized by a scalar sheet impedance, located on a grounded slab. In contrast to known realizations of leaky-wave antennas, the optimal surface reactance modulation which is found here ensures the absence of evanescent higher-order modes of the field Floquet-wave expansion near the radiating surface. Thus, all the energy carried by the surface wave is used for launching the single inhomogeneous plane wave into space without accumulation of reactive energy in the higher-order modes. It is shown that the resulting penetrable MTS exhibits variation from an inductive to a capacitive reactance passing through a resonance. The present formulation complements a previous paper of the authors in which a perfect conversion from TM-polarized SW to TE-polarized LW was found for impenetrable boundary conditions. The solution here takes into account the grounded slab dispersion and it is convenient for practical implementation.
I. INTRODUCTION
Surface-to-leaky wave conversion is one of the classical problems in antennas, plasmonics, and nanophotonics [1] - [8] . In recent antenna applications [9] - [15] this conversion is obtained by the interaction of a cylindrical SW excited by a point source, with a curvilinear type modulation obtained by printing subwavelength patches on a grounded slab. In particular, in [16] , the local interaction is studied by assuming a local plane wavefront SW interacting with a local boundary value problem (BVP) with unidirectional periodic modulation. This periodic BVP can be formulated by an infinite Floquet mode expansion [16] using an extension of the Oliner-Hessel method for impenetrable (Leontovitch-type) boundary 1 This work was supported in part by the Academy of Finland (project 287894), Nokia Foundation (project 201910452), HPY Research Foundation and in part by the University of Siena. S. N. Tcvetkova and S. A. Tretyakov are with the Department of Electronics and Nanoengineering, Aalto University, P.O. 15500, FI-00076 Aalto, Finland (e-mail: svetlana.tcvetkova@aalto.fi). S. Maci is with Department of Information Engineering and Mathematics, University of Siena, Via Roma 56, 53100, Siena, Italy (e-mail: macis@dii.unisi.it) condition [5] which accounts for the slab Green's function. Therefore, the periodic BVP assumes strategic importance in the design of a very flexible class of flat antennas. In any of these periodic BVP solutions, the vicinity of the reactive boundary contains fields of an infinite number of higher-order Floquet harmonics, which store reactive energy, producing a dispersive effect that limits the antenna bandwidth. This happens even if the penetrable MTS on top of the slab exhibits a gentle periodic variation of parameters, for instance of a sinusoidal form. Therefore, there is interest in finding a particular functional form of the modulating MTS reactance that allows for limiting as much as possible storage of reactive energy close to the surface, still having a "perfect" SW-to-LW conversion where only the 0 and -1 modes are present in the exact expansion.
Recently, new methods have been proposed for efficient conversion of a homogeneous plane wave into a surface wave using metasurfaces [17] . The problem of perfect conversion has been faced by using an impenetrable impedance model. Similarly to that work, the problem of the perfect conversion for the case of a single harmonic of a surface wave into a single harmonic of an inhomogeneous plane wave was considered in [18] . That simplified model does not describe the slab dispersion perfectly; however, it allows to find a simple analytical closed-form solution which is useful as a guideline. However, results for the point-wise lossless implementation can be obtained only for TM-SW to TE-LW conversion with an anisotropic metasurface. In [19] , the authors describe a solution with only one propagating plane wave radiating from a partially transparent wall of a waveguide realized using a bianisotropic metasurface. However, the solution contains other spatial harmonics and the structure proposed for realization is rather complicated and bulky compared to conventional leaky-wave antennas used in practice. In this paper, we introduce a theoretically perfect wave converter based on a single-sheet penetrable metasurface, which can be practically realized in a simple way as arrays of metal patches over a grounded dielectric slab. We have found that using an appropriate functional form of the isotropic metasurface leads to a perfect TM-TM conversion solution. This solution is presented in the next section. (Fig. 1) . The MTS can be constituted by lossless periodically arranged subwavelength patches printed at z=0 level over a lossless grounded dielectric slab of relative permittivity r ε and thickness h (Fig. 1a) . However, for the purpose of this paper, the MTS will be considered as a homogenized surface with x-axis periodicity dependence (Fig.   1b) 
A. Isotropic boundary condition
The MTS can be modeled by isotropic continuous impedance boundary conditions (BCs). If the metallic-patch layer is infinitesimal in thickness, one may assume
. Assuming and suppressing time dependence exp( ) j t ω , the MTS is modeled by using "transparent" isotropic BCs, defined by
where X is the surface reactance and x J is the average electric surface current density flowing in the reactive sheet. In absence of losses, X is a real number. The model of transparent reactance in (1) is accurate when applied to a general wave field since it is almost independent of the xcomponent of the complex wavenumber x k in a quite large frequency range [20] . 
B. TM-SW in the absence of modulation
where ( )
are the TM reactances of a z-directed transmission line toward free space and toward the ground, respectively (see Figure 2 ). 
III. REACTANCE SYNTHESIS FOR TWO MODES ONLY
In presence of a periodic modulation of the reactance 
We denote (0) J as "0-mode" current, where 0 J is its constant amplitude,
is the complex wavenumber of the surface wave (0-mode), and x is the axis along the surface. The attenuation constant x α is associated with the transfer of energy from the 0-mode to the radiating mode during the propagation path. 
We would like to synthesize a periodic reactance X that allows for the presence of only two modal currents in the radial Floquet Wave (FW) expansion, that is the 0-mode and the -1-mode (leaky mode). Defining 2 / K d π = , we therefore assume that the exact current distribution is given by
where 0 J and 1 J − are constant amplitudes of the 0-mode and the -1-mode currents, and
− is the complex wavenumber of the leaky wave (-1-mode). The FW-electric field modes are locally defined through the spectral Green's function (GF) of the grounded slab evaluated at the wavevector
and Fig. 3a) ; i.e.,
;
. These reactances are parallel to the sheet reactance and the input reactance of the grounded slab. The exact solution of the BVP with two waves only is found by introducing (6) and (8) in (1), thus obtaining
which is the transverse resonance equation for the problem. Figure 3 helps the interpretation of (12) . Because of the absence of forced excitation, the net active power balance is zero, therefore
where the left-hand side is the time average power totally furnished by the currents; this power should be zero since the power goes from the surface wave to the leaky wave in any spatial period, and there is no other modes in the expansion. Equation (11) provides an implicit evidence that X is real on the dispersion curve in the absence of losses. A two-wave solution exists if we find a solution of (12) with a real-valued reactance X. To this end we substitute in (12) 
where γ is a constant phase. Indeed, denoting 
and therefore one obtains the real solution The exact solution of the two-wave problem is therefore determined if one finds a complex value of (0) x k that respects the condition ( 1) (0)* GF GF
. This condition in explicit form reads ( ) ( ) ( ) ( )
This can be rewritten as
where ( ) ( ) ( )
The solution for a desired pointing angle of θ can be found as nulls of a real positive function, that is
where (0) 0 sin
The branch of the square root in (23) is taken in the appropriate way for forward and backward LW, as described in the next section.
IV. FORWARD AND BACKWARD LW
The local dispersion equation of an inhomogeneous plane wave in free space yields
where According to well-known concepts and terminology, when the signs of K k β β θ − = − = are the same (i.e., the wavefront propagation has the same direction as the power flow), the LW is called "forward LW"(FLW), and when they are opposite, it is called "backward LW" (BLW). While the BLW is "proper", namely it attenuates toward positive z-axis Figure 4 presents a sketch of the orientation of (Fig. 3a) and FLW (Fig. 3b) . Accordingly the branch of the imaginary part of the last term in (27) have to be as follows
The 0-mode is obviously proper, namely ( )
V. POWER BALANCE
Since (16) and (17) ensure X to be a real value, (13) implies that the currents
do not complexively produce active power, but only exchange power with each other in each period. In particular, the power density transported by the SW and LW contribution per unit surface are given by
and the reactive power stored per unit surface area is given by
respectively. The conditions (16) and (17) are therefore equivalent to
Eq.(30) means that there is a perfect conversion of power from the surface to the leaky wave and (31) means that there is an equal amount of energy stored in the fields of the SW and in the LW fields.
VI. NUMERICAL RESULTS
Eq. (24) subjected to (28) 
* 0
The backward LW solution, radiating at 30 degree direction (dashed lines) is obtained by setting The results show that by changing the thickness of the slab one can change the leakage rate and, eventually, the pattern beamwidth and directivity of the antenna. It is interesting to note that for a fixed period corresponding to a certain desired radiation direction and for a desired decay rate α , the surface can be realized by two different reactance profiles using different thicknesses h and therefore different average impedance 
VII. CONCLUSIONS
We have presented a solution of a periodic isotropic transparent MTS impedance on a grounded dielectic slab, which corresponds to a perfect conversion from a TMpolarized surface wave to a TM-polarized leaky wave without higher-order Floquet harmonics in the exact expansion of the field solution. This solution has been found by imposing a reactive balance of the wave coupling in the absence of losses. The found impedance can be synthesized in order to ensure a certain beam direction and decay rate. Along the direction of propagation, the solution of transparent impedance exhibits alternance of positive and negative values around a certain average, passing through a resonance at each period. This suggests that a possible realization of this impedance can consist from a periodic distribution of printed subwavelength elements, where some are close to resonance, inside a distribution of non-resonant subwavelength printed elements.
